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a b s t r a c t
The velocity field and the adequate shear stress corresponding to the unsteady flow of a
generalized Maxwell fluid are determined using Fourier sine and Laplace transforms. They
are presented as a sum of the Newtonian solutions and the corresponding non-Newtonian
contributions. The similar solutions for Maxwell and Newtonian fluids, performing the
same motion, are obtained as limiting cases of our general results. Graphical illustrations
show that the velocity profiles corresponding to a generalized Maxwell fluid are going to
that for an ordinary Maxwell fluid if α→ 1.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Many models have been proposed to describe the behavior of non-Newtonian fluids. Among them, the models of
differential type and rate type have receivedmuch attention. The first viscoelastic rate typemodel, which is still usedwidely,
is theMaxwellmodel. In recent years, thismodel has had some success in describing the response of some polymeric liquids.
However, theMaxwell model does not properly describe the typical relation between shear rate and shear stress in a simple
shear flow [1]. Furthermore, it has been especially applied to problems having small dimensionless relaxation time.
Recently, fractional calculus has encountered much success in the description of the complex dynamic [2,3], it is proving
to be a valuable tool to handle viscoelastic properties. The starting point of the fractional derivative model of viscoelastic
fluids is usually a classical differential equation which is modified by replacing the time derivative of an integer order by the
so-called Riemann–Liouville fractional calculus operator. This generalization allow us to define precisely non-integer order
derivatives. A very good fit of experimental data was achieved when the fractional Maxwell model has been used instead of
the Maxwell model [4,5].
The aimof this note is to establish exact solutions for the unsteady flowof a viscoelastic fluidwith the fractional derivative
Maxwell model produced by an infinite constantly accelerating plate. In recent years, the interest in flows of such fluids
has increased considerably and many exact solutions have been determined [6–12]. Many other interesting results have
already been obtained for flows of some more general fluids (Oldroyd-B and Burgers fluids), a part of them being extended
to porous media [13–19]. Generally, the exact solutions are important not only because they are solutions of some flows
with technical relevance, but they can be also used as tests to verify numerical schemes that are developed to study more
complex flow problems. Further, our solutions are written as a direct sum of the Newtonian solution and the corresponding
non-Newtonian contributions.
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2. Governing equations
The constitutive equations for an incompressible Maxwell fluid with fractional derivative, also called generalized
Maxwell fluid (GMF), are given by
T = −pI+ S, S+ λ(Dαt S+ V · ∇S− LS− SLT ) = µA, (1)
where T is the Cauchy stress tensor, −pI denotes the indeterminate spherical stress, S is the extra-stress tensor, V is the
velocity vector, L is the velocity gradient, A = L+ LT is the first Rivlin–Ericksen tensor, ∇ is the gradient operator, µ is the
dynamic viscosity, λ is the relaxation time and Dαt is the Riemann–Liouville fractional differentiation operator of order α
with respect to t defined as
Dαt f (t) =
1
0(1− α)
d
dt
∫ t
0
f (τ )
(t − τ)α dτ ; 0 ≤ α ≤ 1, (2)
where 0(·) is the Gamma function. This model reduces to the ordinary Maxwell model when α = 1 and to the Newtonian
model when α = 1 and λ = 0.
For the problem under consideration, we seek a velocity field of the form
V = V(y, t) = u(y, t)i, (3)
where u(y, t) is the velocity in the x-coordinate direction and i is the unit vector in the same direction. For this velocity field,
the constraint of incompressibility is automatically satisfied. Substituting Eq. (3) into the above formula (1)2 and taking into
account the initial condition
S(y, 0) = 0; y > 0, (4)
the fluid being at rest up to the time t = 0, we get [20]
(1+ λDαt )τ (y, t) = µ∂yu(y, t), (5)
where τ(y, t) = Sxy(y, t) is the shear stress that is different of zero. In the absence of body forces and a pressure gradient in
the flow direction, the balance of momentum leads to the relevant equation
ρ∂tu(y, t) = ∂yτ(y, t), (6)
where ρ is the constant density of the fluid.
Eliminating τ(y, t) between Eqs. (5) and (6), we attain the governing equation
(1+ λDαt )
∂u(y, t)
∂t
= ν ∂
2u(y, t)
∂y2
, (7)
where ν = µ/ρ is the kinematic viscosity of the fluid. This equation with adequate initial and boundary conditions can be
solved in principle by several methods. In our case, the integral transforms technique presents a systematic, efficient and
powerful tool. However, to solve a well-posed problem for Eq. (7), one has to require an additional initial condition apart
from the requirement that the fluid is initially at rest. As early as 1966, Srivastava [21] solved a similar problem for fluids of
Maxwell type assuming that the time derivative of velocity is zero at time t = 0. Recently, many authors used this condition,
a part of them even for fractional models [20,22–24]. The physical meaning of this new initial condition becomes apparent
by considering Eq. (6). It obviously correspond to the absence of the shear stress. For Newtonian liquids it is automatically
fulfilled if the fluid is at rest.
3. Formulation and solution of the problem
Let us consider an incompressible GMF lying over an infinite flat plate. Initially, the fluid is at rest, and at time t = 0+
the infinite plate begins to slide in its plane with the velocity At , where A is a constant. Due to the shear, the fluid above the
plate is gradually moved, its velocity being of the form (3) and the governing equation is given by Eq. (7). The corresponding
initial and boundary conditions are
u(y, 0) = ∂u(y, 0)
∂t
= 0, y > 0; u(0, t) = At, t ≥ 0. (8)
Moreover, the natural conditions
u(y, t), ∂yu(y, t)→ 0 as y→∞ and t > 0, (9)
also have to be satisfied. In order to solve this problem, we shall use the Fourier sine and Laplace transforms.
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3.1. Calculation of the velocity field
Multiplying both sides of Eq. (7) by
√
2/pi sin(yξ), integrating then with respect to y from 0 to∞ and having in mind the
initial and boundary conditions (8) and (9), we find that
(1+ λDαt )
∂us(ξ , t)
∂t
+ νξ 2us(ξ , t) = Aνξ t
√
2
pi
; ξ, t > 0, (10)
where the Fourier sine transform us(ξ , t) of u(y, t) has to satisfy the conditions
us(ξ , 0) = ∂us(ξ , 0)
∂t
= 0 for ξ > 0. (11)
Applying the Laplace transform to Eq. (10) and using the Laplace transform formula for sequential fractional derivatives [25],
we obtain the image function us(ξ , q) of us(ξ , t) under the form
us(ξ , q) = Aνξ
√
2
pi
1
q2
[
q+ λqα+1 + νξ 2] . (12)
In order to obtain us(ξ , t) = L−1us(ξ , q) and to avoid the lengthy calculations of residues and contour integrals, we apply the
discrete inverse Laplace transformmethod. However, for a more suitable presentation of the final results, we firstly rewrite
Eq. (12) in the equivalent forms
us(ξ , q) = A
√
2
pi
1
ξq2
− Aνξ
√
2
pi
1+ λqα
q(q+ λqα+1 + νξ 2)νξ 2 = A
√
2
pi
1
ξq2
− A
ν
√
2
pi
(
1
q
− 1
q+ νξ 2
)
1
ξ 3
− Aνξ
√
2
pi
λqα−1
(q+ νξ 2)(q+ λqα+1 + νξ 2) (13)
and then under the series form
us(ξ , q) = A
√
2
pi
1
ξq2
− A
ν
√
2
pi
(
1
q
− 1
q+ νξ 2
)
1
ξ 3
− Aν
√
2
pi
ξ
q+ νξ 2
∞∑
k=0
(−1)k
λk
qk+α−1(
qα+1 + νξ2
λ
)k+1 . (14)
Inverting this result by means of the Fourier sine formula [26], we find that
u(y, q) = A
q2
− 2A
νpi
∫ ∞
0
(
1
q
− 1
q+ νξ 2
)
sin(yξ)
ξ 3
dξ − 2Aν
pi
∫ ∞
0
ξ sin(yξ)
q+ νξ 2
×
∞∑
k=0
(−1)k
λk
qk+α−1(
qα+1 + νξ2
λ
)k+1 dξ = Aq2 − 2Aνpi
∫ ∞
0
(
1
q
− 1
q+ νξ 2
)
× sin(yξ)
ξ 3
dξ − 2Aν
pi
∫ ∞
0
ξ sin(yξ)
q+ νξ 2
∞∑
k=0
(−1)k
λk
G(q)dξ, (15)
where [27]
G(q) = q
b
(qa − d)c = q
b−ac
(
1− d
qa
)−c
; Re(ac − b) > 0, (16)
with a = α + 1, b = k + α − 1 and c = k + 1 are not constrained to be integers and d = −νξ 2/λ. Using the binomial
theorem, we can also write
G(q) =
∞∑
j=0
0(1− c)
0(1+ j)0(1− j− c) (−d)
jqb−ac−aj if |d| < |qa|. (17)
This last expression may be term by term inverse transformed, yielding [27]
Ga,b,c
(
−νξ
2
λ
, t
)
= L−1{G(q)} =
∞∑
j=0
0(1− c)t(c+j)a−b−1
0(1+ j)0(1− j− c)0[(c + j)a− b]
(
νξ 2
λ
)j
, (18)
if Re(ac − b) > 0, Re(q) > 0 and |qa| > νξ 2/λ. The form of Eq. (18) presents evaluation difficulties, since when c is an
integer, 0(1− c) and 0(1− j− c) can become infinite. However, it may be rewritten in the following computable form
Ga,b,c
(
−νξ
2
λ
, t
)
=
∞∑
j=0
(c)jt(c+j)a−b−1
0(1+ j)0[(c + j)a− b]
(
−νξ
2
λ
)j
(19)
where (c)j is the Pochhammer polynomial.
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Finally, applying the inverse Laplace transform to Eq. (15) and taking into account all the previous results, it is not difficult
to show that
u(y, t) = uN(y, t)− 2νA
pi
∫ ∞
0
ξ sin(yξ)
∫ t
0
e−ν(t−s)ξ
2
∞∑
k=0
(−1)k
λk
Ga,b,c
(
−νξ
2
λ
, s
)
dsdξ, (20)
or equivalently
u(y, t) = uN(y, t)− 2νA
pi
∫ ∞
0
∫ t
0
ξ sin(yξ)e−ν(t−s)ξ
2
∞∑
k=0
∞∑
j=0
(
−1
λ
)k (
−νξ
2
λ
)j
× (k+ 1)js
αk+αj+j+1
0(1+ j)0(αk+ αj+ j+ 2)dsdξ, (21)
where (cf. [28,29])
uN(y, t) = At − 2A
νpi
∫ ∞
0
(
1− e−νtξ2
) sin(yξ)
ξ 3
dξ = 4Ati2Erfc
(
y
2
√
νt
)
, (22)
represents the velocity field corresponding to a Newtonian fluid and inErfc(·) are the integrals of the complementary error
function of Gauss.
3.2. Calculation of the shear stress
Applying the Laplace transform to Eq. (5) and using the initial condition (4), we find that
τ(y, q) = µ
λqα + 1
∂u(y, q)
∂y
, (23)
where, in view of Eq. (15),
∂u(y, q)
∂y
= − 2A
νpi
∫ ∞
0
(
1
q
− 1
q+ νξ 2
)
cos(yξ)
ξ 2
dξ − 2νA
pi
∫ ∞
0
ξ 2 cos(yξ)
×
∞∑
k=0
∞∑
j=0
(
−1
λ
)k (
−νξ
2
λ
)j
(k+ 1)j
0(1+ j)
1
(q+ νξ 2)qαk+αj+j+2 dξ . (24)
Introducing (24) into (23), it results that
τ(y, q) = −2ρA
pi
∫ ∞
0
(
1
q
− 1
q+ νξ 2
)
cos(yξ)
ξ 2
dξ + 2µA
pi
∫ ∞
0
qα−1
(q+ νξ 2)(qα + 1/λ)
× cos(yξ)dξ − 2νA
pi
µ
λ
∫ ∞
0
ξ 2 cos(yξ)
∞∑
k=0
∞∑
j=0
(
−1
λ
)k (
−νξ
2
λ
)j
× (k+ 1)j
0(1+ j)
1
(q+ νξ 2)(qα + 1/λ)qαk+αj+j+2 dξ . (25)
Inverting this result, we find the shear stress under the form
τ(y, t) = τN(y, t)+ 2µA
pi
∫ ∞
0
∫ t
0
cos(yξ)e−νξ
2(t−s)Rα,α−1
(−1
λ
, 0, s
)
dsdξ
− 2νA
pi
µ
λ
∫ ∞
0
ξ 2 cos(yξ)
∞∑
k=0
∞∑
j=0
(
−1
λ
)k (
−νξ
2
λ
)j
(k+ 1)j
0(1+ j)
×
∫ t
0
∫ σ
0
e−νξ2(σ−s)sαk+αj+j+1
0(αk+ αj+ j+ 2) Rα,0
(−1
λ
, 0, t − σ
)
dsdσdξ, (26)
where (cf. [28,29])
τN(y, t) = −2ρA
pi
∫ ∞
0
(
1− e−νtξ2
) cos(yξ)
ξ 2
dξ = −2ρA√νtiErfc
(
y
2
√
νt
)
, (27)
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(a) t = 20 s.
(b) t = 50 s.
Fig. 1. Velocity profiles corresponding to Eq. (21)—curves u1(y), u2(y), u3(y) and Eq. (29)—curve u(y) for ν = 0.0011746, A = 1 and λ = 8.
is the shear stress for a Newtonian fluid performing the same motion and (see [27], Eqs. (12) and (21))
Ra,b(c, d, t) = L−1
{
e−dqqb
qa − c
}
=
∞∑
n=0
cn(t − d)(n+1)a−b−1
0[(n+ 1)a− b] ,
if d ≥ 0, Re((n+ 1)a− b) > 0, Re(q) > 0. (28)
Finally, making α→ 1 into Eqs. (21) and (26), we obtain the similar solutions
u(y, t) = uN(y, t)− 2νA
pi
∫ ∞
0
ξ sin(yξ)
∫ t
0
e−ν(t−s)ξ
2
∞∑
k=0
∞∑
j=0
(
−1
λ
)k (
−νξ
2
λ
)j
× (k+ 1)js
k+2j+1
0(1+ j)0(k+ 2j+ 2)dsdξ (29)
and
τ(y, t) = τN(y, t)− 2µA
pi
λ
∫ ∞
0
cos(yξ)
νλξ 2 − 1
(
e−νtξ
2 − e−t/λ
)
dξ − 2νA
pi
µ
λ
e−
t
λ
×
∫ ∞
0
ξ 2 cos(yξ)
∫ t
0
∫ σ
0
e−νξ
2(σ−s)+σ/λ
{ ∞∑
k=0
∞∑
j=0
(
−1
λ
)k (
−νξ
2
λ
)j
× (k+ 1)js
k+2j+1
0(1+ j)0(k+ 2j+ 2)
}
dsdσdξ, (30)
C. Fetecau et al. / Computers and Mathematics with Applications 57 (2009) 596–603 601
Fig. 2. Velocity profiles corresponding to Eq. (29)—curves u11(y), u12(y), u13(y) and Eq. (31)—curves u21(y), u22(y), u23(y) for ν = 0.0011746, α = 1,
A = 1 and λ = 8.
Fig. 3. Non-Newtonian component profiles of the velocity field (21)—curves u11(y), u12(y), u13(y) and (29)—curves u21(y), u22(y), u23(y), for ν =
0.0011746, A = 1, α = 0.7, and λ = 8.
corresponding to the classical Maxwell model. Similar solutions to those given by (29) and (30) have also been obtained
in [28] by a different technique. The velocity field, for instance, has the form
u(y, t) = At − 2A
νpi
∫ ∞
0
[
1− r21 exp(r2t)− r22 exp(r1t)
r2 − r1 λ
]
sin(yξ)
ξ 3
dξ, (31)
where r1,2 =
[
−1±√1− 4νλξ 2 ] /(2λ).
4. Conclusions
The aim of this note is to establish closed-form expressions for the velocity u(y, t) and the shear stress τ(y, t)
corresponding to the unsteady flow induced by an infinite constantly accelerating plate in an incompressible Maxwell fluid
with fractional derivatives. The exact analytical solutions, expressed as double integrals of double series, have been obtained
by means of the Fourier sine and Laplace transforms. They satisfy both the governing equations and all initial and boundary
conditions. Furthermore, their diagrams, as it results from Figs. 1–4, can be easy depicted.
In the special casewhenα→ 1, the general solutions (21) and (26) take the simplified forms (29) and (30) corresponding
to the ordinary Maxwell fluids. The differences between the velocity fields (21) and (29), corresponding to the two non-
Newtonian models, are presented by graphical illustrations in Fig. 1. From these figures, it is clearly seen that the diagrams
corresponding to a GMF tend to superpose over that of a Maxwell fluid if α→ 1. In Fig. 2, as a check of the present results,
it is shown that the diagrams corresponding to the velocity field (29) are almost identical to those resulting from (31) and
obtained in [24] by a different technique.
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Fig. 4. Non-Newtonian component profiles of the velocity field (21)—curves u11(y), u12(y), u13(y) and (29)—curves u21(y), u22(y), u23(y), for ν =
0.0011746, A = 1, α = 0.7, and t = 4 s and different values of λ.
Finally, it is worthy pointing out that our solutions are presented here as a sum of the Newtonian solutions and
the corresponding non-Newtonian contributions. In Figs. 3 and 4 are depicted the diagrams corresponding to the non-
Newtonian contributions of the velocity fields (21) and (29). From these diagrams, as it was to be expected, it clearly
results that the non-Newtonian effects are stronger at large values of t or λ. Moreover, the difference between the two
non-Newtonian models seems to be more meaningful for increasing t .
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